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An approximate solution is obtained for the linearized system of Navier —
Stokes equations at low Reynolds numbers with boundary conditions correspond-
ing to the case when axisymmetric normal and radial tangential stresses act
at the surface of a heavy, viscous incompressible fluid. The axisymmetric
shape of the free surface is specified at the initial instant of time. An integr-
al definition of its shape valid for considerable times is obtained for stationary
perturbations at the surface, Existence of circular waves which not only prop-
agate from the perturbation source but, also, towards it, is established,Examp-
les are considered. Waves propagating from the perturbation source are also
investigated, It is established that the main part of such waves is the same
for low and high (see, e.g., [1 — 3]) Reynolds numbers.

1, Letus assume that a heavy incompressible viscous fluid up to the instant of
time ¢’ = 0 is at reset in the half-space 2z’ < 0 (the 2z’ -axis is directed counter
the force of gravity). Letat ¢ >> 0 the tangential T’ and normal ' stresses
begin to act on the free surface, and that the shape of the surface at instant ¢ = 0
is defined in the stationary cylindrical system of coorinates (r', 0, z’), whose origin
is on the unperturbed free surface 2z’ == (, by an equation of the form z’ = A’ (r').
Assuming that all perturbations are axisymmetric and that the projection of tae tang-
ential stress on the transverse axis is zero. Then v’ = '(r, ¢') andf = f'(r’, t').
At low Reynolds numbers the axisymmetric problem of the motion of fluid induced by
small perturbations on its surface consists of the determination of velocity v/ = {v,’,
v,’} and hydrodynamic pressure p’ as functions of r', z’, ¢’ of the linearizedNavier
—Stokes equations

‘C;VT J{“ Vq' = VV2V’, VVI = 0, q' == -—%— + gz’ (l. 1)
for specified on the unknown free surface 2z’ = {' (r', 1) of normal and tangential

components of the stress tensor
, v, st ar oy, |, Ov,’ e
pgl’ —oq' + 20| _ =101, p (5,—, + '57)2,___0 =—T(,t) (1.2
(in a linear formulation conditions (1. 2) are specified at the unperturbed surface 2" ==
0) and under condition that the unknown functions vanish as z’ — — co. At the
initial instant of time
t’ — O’ V’ . 0, gl — hr(rl) (1. 3)

function {’ satisfies the equation
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ag' 10t = v, |r=o

(L9
We introduce the dimensionless variables
L3 3/ g , g w’ %
R="F, ’='1/m’ t=1t R i P=rL
zl _ ql fl 1!
C_RL’ Z—Ts q‘—'gT1 f—ng7 ng

where L is a characteristic length determined by the explicit form of surface pertur-
bations.

The substitution of variables

reduces problem (1. 1) — (1.4) to the dimensionless form
e
O Rs SR
Z_tg___ o9 +_1_3(z_w)z=o (L7
L0 (P Loy 22D Rt —f(n @D
FoometE g —wen @9

t=0, {=h(r), o=w=0

We apply to these formulas the Laplace — Carson transformation with respect to
t , then we apply the zero order Hankel transformation to (1.5), (1.7), and (1.8)

and the first order Hankel transformation with respect to r to(1.6) and (1.9). To
denote Hankel representations we use subscripts equal to the transformation order. As
the result we obtain for the representations a system of ordinary differential equations
and boundary conditions with constant coefficients, Thissystem is used fordetermining
the representations in the class of functions that vanish as 2 — - oco. Passing to
the originals we obtain formulas for the free surface shape, For considerable times ¢
and stationary perturbations at the surface when ¢t > 0 f = f (r),and 1 = 7 (7),
the free surface shape is defined by

g(r, t)~§n(r )+ Ca(ry t) + Lo (s t) (1. 10)

h= jsho VH (¢, $)Jo(rs)ds, L= — fsfo ()% (£, 5) Jo (rs) ds

§r=

R ]

sti(s) ¥ (2, s) Jo(rs)ds

0 00

(for o) = [ rIf @)y BN To(rs)dr, T2 = [re(r) Ty (rs)dr
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Hit, )= 258w, 9 o2 =% Vits)
S

A=(o+ 2% —4s* Vo + s+ Rs

x(t, 8) = Sm(r, s)d'l.‘-—-j‘co(r, s)dr (1.11)
0 f

4
m(t,se‘,—QG,s:—c—s-msz, 1 S

) @9=3 G Yot 59,
where O is the parameter of the Laplace — Carson transformation, and g = ¢ (s)
are roots of the polynomial

F(g,s) = ¢ + 2* —4g + 1) + R (112

In the half-plane Re ¢ > 0 with 0 << s << a = 1.2R"* polynomial (1. 12)

has two complex-conjugate roots ¢, = §;, and when a <7 s<C o it has two
real roots: 0.68 << ¢; <C1 and 0.30 << ¢, << 0.63. It follows from (1. 12) that

Reg? <1, O0<C{s<oo, k=1234 (1.18)
2. Since (1.13) implies the integrability of o (¢, s) for 0 < £ < oo , hence
from (1, 11) we have

Sm(t, s)dt = lim E%f)-z ..é.
g 0-+0

Using the integral formula of Fourier — Bessel, from (1, 10) and {1, 11) we obtain

2.1

b = — L8 1+ { {sro9)0 (v, 5) 7, (re) duds

G2 §

From the second of formulas (1, 11) follows that

4
1 (2.2)
.S —
Fo (0.,
; o (94 5)

The explicit expression for ® (£, s) is now obtained from the second of formulas
(1,11) and from (2, 2), with allowance for the conversion defined in [4], in the form

4 -
g, erfc (— sq, V1) exp [s2(q,2 — 1) t]
ot s)zszz k A ,)(q s[) i (2.3)
=1 7 e
Using in the case of considerable times- { the asymptotic expressions for the error fun-
ction [5] and taking into account (2, 2) and (1, 12), for(2. 3) we obtain formula

g 0xp [ (g7 — 1) 7] gt
LT T O™ (2.9

1
(.l)(t, S) == "*2-"9-
R80k>0
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From (2. 1) and (2, 4) we have

t—>o0, o= =L@+ 0+100,0 2.9
3 2 (.2 — 1

t = — Re | ol Ty o0 o(ro)ds
0
e 3 (g,2 — 1

W=~ 7 ST Ty O o) ds

From (1, 12) we obtain
(2.6)

¢ = 1R ginis 1/233;‘3_';,943,'4 +0 (3), s—0
g =1—YRM+0EY], s>0

This with (1. 13) shows that the main contribution to the asymptotic expansion of
integrals (2. 5) as £ — 00 is provided by the neighborhoods of zero values of expon-
ent indices, In the first of integrals (2. 5) that neighborhood coincides with that of
point s = (. The related contribution is obtained by substituting a small segment
0 < s <{ & forthe integration interval, taking into account that in that region by
virtue of (2, 6)

2 34\ 92 Y [$} ~__f..
s?(q,*—1) 2s*+1V/ R, St —D(a +a—1) 7 s—0

and integrating from 0 to oo. Wehave
o

g = "IIT S se=2tfo () Jo (rs) cos (¢ Y Rs)ds, t— oo (2.7

0
The main contribution to the asymptotic expansion of the second of integrals (2. 5) as
t—- oo is provided by the neighborhood of an infinitely distant point. By virtue of
{2.6) we have

R a9

et —=D~=5 sEp—Hwre-n " EF T
Hence o R
; 1 — Ri
;ff) = B S §exp [—(ﬁg}-—'] fg(S)Jg(rS) ds, t— o0 (2.8)
0

Formulas (2, 8), (2.7) and (2, 8) define the asymptotic behavior of perturbations on the
surface, induced by stationary normal pressures. From (1, 10) we similarly obtain the
integral representations of the free surface shape due to it initial rise. It is of the form

L =00 (r, &)+ 0®(r, 8), t—>o0 (2.9)

oo

e = [ se-2thy () Jo (rs) cos (¢ V Fs)ds

o
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@ (5 sexp [-:—2-?3—] ko (8)Jo (rs) ds

Under the action of stationary radial tangential stresses we have
=00, )+ LD (r, 1), t—>o0 (2.10

m_ 1 S‘ se~2#tyy (s) Jo (rs) cos (t V Rs)ds
0

R
t® = %—X T‘:) exp [ wzft ] Jo(rs)ds
0

3. We shall now consider several specific examples.
1°, The asymptotic behavior of the surface of fluid from which a cylinder of rad-
jus @’ initially submerged to a depth h' is removed at ¢’ = 0.
The initial shape of the free surface is defined in dimensionless variables by
(3.1
o0<r<a, hiry=—h; r>a, h(r) =0
V' =na"h', L=1V", a=a'(gviR)s
h=h'"|(RL), R = gv?V'
where V' is the volume of fluid displaced by the cylinder at the initial instant of time,
From (3. 1) and (1, 10) we obtain
ho (s) = —ahJi(as) | s (3.2

Formula (2. 9) then assumes the form

i (3.9
o ahég exp [...__ fg] J1(as) Jo (rs) ds

Let us consider the asymptotic behavior of the fluid surface when & and 7 are
large, The neighborhood of point § = 0 is in this case immaterial. Hence, using
asymptotic formulas for Bessel functions for large values of the argument, we obtain

L® = —2n"tha'lr™: {sgn (r — a) Im Kle™s (2Rt| r — a|)'/s] — (3.4)

Re K letv/s (2R t (r + a))'/2]}

where K, is the Macdonald function,
When T > a, using the asymptotic formulas for theMacdonald functions, we

h
e Ea® = hl2a? / (nPrPp*)I'h E(r, 1) (8.5)

E(r, t) = exp (—p*?) sin (/8 + p*') sgn (r — a)
p* =Rir—alt

In the neighborhood of the circle r = a formula (3.4) assumes the form
En® = —2hn sgn (r — a) Im K (&4 Y 2 p%)
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which shows that damping of fluid oscillations occurs also in the neighborhood of r =
a . For 2R|r—a |t<€1 andsmall z we obtain

Ky2) ~1n (2/3), [p® ~ Y,hsgn (r — a)
Consequently in this case the free surface height at transition over tne circle r = a
changes abruptly from (— &/ 2) to h/2.
For the neighborhood of r = 0 formula (3, 3) yields

o
4 p—— ahjlexp [—-%] J1(as)ds
0
Substituting here the asymptotics for considerable values of the argument for J, we

obtain —
t® = —h V 2exp (— VaRt) cos V aRt

It follows from (3. 5) that in this case perturbations [, are waves propagating at
velocity (a’ — r’)/ t' toward the source, i.e. to the circle 7’ = a’, In the cour-
se of time the perturbations are damped at any r'. The slowest damping occurs in
the neighborhood of the perturbations source " = a’.

Waves ¢ and t® represent similar perturbations (see (2. 8) and (2. 10) which
also propagate toward their sources. The possibility of existence of such waves is revea-
led here for the first time,

In the investigation of perturbations (2. 9) we set ¢ — 0 and A — o so that V =
na®h = const. Formula (3. 2) assumes the form £k, (s) = —V / (2n) , and conseq-
uently

Ll =— -}n— S sesp (— 282) Jy (1) cos (¢t V Re) ds
0

(3.6)

If r~0 then Jy(rs) ~1, and

?

© 3.1
6V (8.7

w___ ' —2x
[9) EY) OS zde €08 WIdT = — o L+ 0™

O = gllzt,']/‘v_l//‘

which shows that near the coordinate origin perturbations {;g‘“ are not of an oscillatory
character,
Substituting for the Bessel function the respective asymptotics with r — oo , we

obtain

t— o, Gy = 27T Re o 1) (3.8)

Iy = S z?exp (— 2x') exp {t [ o (N2? F ) 4 4]} dx

1]
N o= vl =1, 2

where the plus sign corresponds to & = 1 and the minus sign to % = 2,
The asymptotic formula for j, with w — oo is obtained by the method of station-
ary phase [6] in the form
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Vexp | — 1j(84)] cos [w/(4n)]

e o
Z”fzn:)"fzm‘;ar‘,zt‘n (3. 9)

y Ko, p~—

The function in the index of the oscillating exponent in J; has no stationary

points for = > 0. Hence the estimate of ;, assumes the form
g = 0 (@~ (3.10)

It follows from (3. 8) and (3. 9) that when r and ¢ are independent, ;; vanisn-
es exponentially as © — oo and j, predominatesin(3.8). If, however, r and
¢ are linked by the condition 1 (r, ) = const , then j,= O (0™ %%/ , and
J1 exceeds the value [of j» in](3.10). Thus perturbations g&” virtually vanish
everywhere, except in region 1 == const , where they conform to(3.9). In dim-
ensional form, taking into account (3.7) and (3.8), we have

S e () 0

Ch(l) ~ —

The condition y = const means that circular waves (3, 11) propagate from the pert-
urbation source at velocity 5r / 4¢'.

2°, The model of anticyclone at the fluid surface, In this case we assume the
tangential stresses to be defined by ' (') = I'0 (' — a’) , where T’ isthe work
of the radial tangential stresses on the surface per unit area of their propagation.

Let us assume that 7 - o0 and o' — 0 but the work A4’ = na'3T’ = const.
From formula (2, 10) we then obtain

. gAt Y2 vgit’s ( g
0 ~ g oxp (= o) s ()

3%, ) =f for 0K<r<e and f(r')=0 for ¥ >a"

If a¢ -0 and f'— oo, but P'= ma’'¥’ = const, we have a cohcentrated force
acting on the free surface along the normal to it., In that case from (2. 7) we have

. P2y 2 vgt’s Ik
TSD ~ Snpr"': exp (— 8ris ) cos (‘:%-’-)

We note in conclusion that formula (3.11) coincides within O (R) with that obtain-
ed in [1] by analyzing the exact solution of problem (1. 1) — (1. 4) for small values of
parameter & = vg~/2L~*/*= R~"x This means that the main part of the wave prop-
agating from the perturbation source is the same for smail and considerable values of

R . In other words, the integral representations (2. 7), (2.9 and (2. 10), as well as
the corresponding results obtained in [1] are valid for small and large values of paia-
meter R == g%,
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